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Abstract
Inspired by the general relation between the boundary global symmetry and the bulk gauge
symmetry in AdS/CFT, we reformulate the d+1 dimensional AdS gravity theory as a SO(2, d)
gauge theory. In this formalism, the pull back of the bulk equation of motion onto a co-dimension
one hypersurface Σ can be naturally explained as the SO(2, d) conservation law under a local
energy scale of the dual CFT. Providing these conservation laws as well as a SO(2, d) covariant
area law are valid for any local energy scale, the bulk Einstein equation will be automatically
implied.
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1
1 Introduction
The AdS/CFT correspondence [1, 2, 3] implies a duality between the quantum gravity in D = d+1
dimensional anti-de Sitter space and the d-dimensional conformal field theory. The holographic
dictionary between the boundary data of asymptotic AdS space and the CFT quantities has been
well established in [3] by the field-operator correspondence. However, apart form the AdS boundary,
the explicit CFT realization of the bulk local degree of freedom remains unclear yet. Especially,
there is no systematical explanation on the emergence of bulk Einstein equation from the CFT side.
Various approaches have been proposed on the related topics in the past twenty years, including the
holographic Callan-Symanzik equation [4], the holographic Wilsonian renormalization group [5], the
smearing operator [6], the tensor networks [7], the integral geometry [8], etc. In our early work [9],
by considering the conformal transformation of the renormalization scale, it was shown that the bulk
dynamics of a scalar field is highly constrained by the SO(2, d) conformal symmetry of the dual CFT
scalar operators. If we consider the CFT energy momentum tensor instead, it is natural to explore
whether the corresponding bulk gravity dynamics is also constrained by the SO(2, d) symmetry.
Different from the simple scalar operator considered in [9], the energy momentum tensor itself is
related to the conformal Noether current. In such kind of cases, a general principle was noticed in
the studies of the AdS/CFT. That is, the global symmetry in the boundary field theory is dual to the
gauge symmetry in the bulk theory. It plays a very important role in the applications of AdS/CFT,
e.g., the holographic superconductor [10]. Applying this principle to the conformal symmetry in
the boundary CFT, we would expect the dual bulk theory is a gauge theory with the gauge group
SO(2, d). However, only the SO(1, d) local Lorentzian gauge symmetry is manifest in the usual
formula of bulk gravity. To understand the relation between the SO(2, d) symmetry and the bulk
dynamics, we need to find a uplifted action of gravity in which the SO(2, d) local gauge symmetry
appears manifestly. For D = 3, it is already well known that the AdS3 gravity can be reformulated as
a SO(2, 2) = SL(2, R)×SL(2, R) Chern-Simons theory [11]. This paper is started from showing the
similar uplift can be established for general dimensions in Section 2.1. In section 2.2, the relation to
the traditional SO(2, d) invariant expressions is analysed by introducing an intrinsic SO(2, d) basis.
Then in Section 3, the corresponding Hamiltonian formalism is analysed. In this formalism, the
pull back of the bulk equation of motion onto a co-dimension one hypersurface Σ can be naturally
explained as the SO(2, d) conservation law. Providing such kind of conservation law is valid on
arbitrary Σ, all components of bulk Einstein equation will be automatically satisfied. The CFT
realization of the bulk canonical structure and conservation laws is established in section 3.2. In
Section 4, we summarize our results and discuss possible generalizations.
2
2 AdS gravity as SO(2, d) gauge theory
2.1 SO(2, d) uplifting of gravity
Written in terms of the vielbein formalism, the D-dimensional gravity action with negative cosmo-
logical constant is given by
S[ea] =
1
2κ2 (D − 2)!
∫
ǫa1···aD
[
Θa1a2 +
(D − 2)
Dℓ2
ea1 ∧ ea2
]
∧ ea3 ∧ · · · ∧ eaD , (1)
where ǫa1···aD is the unit total antisymmetric tensor of SO(1, d) vielbein indices ai = 0, · · · , d. In the
usual understanding of Einstein gravity, the fundamental dynamical field is just the vielbein 1-form
ea = eaMdx
M where {xM} = {xµ, z} are the bulk spacetime coordinates. The curvature 2-form
Θab = dω
a
b + ω
a
c ∧ ω
c
b =
1
2R
a
bMNdx
M ∧ dxN , (2)
is the field strength of the spin connection 1-form ωab = −ωba which is just the gauge field of the
local SO(1, d) group. Providing the torsion free condition
Dea = dea + ωab ∧ e
b = 0 , (3)
the spin connection is totally fixed by the vielbein. Taking the variation of the action (1), we get
the Einstein equation (
Θ[a1a2 + ℓ−2e[a1 ∧ ea2
)
∧ ea3 ∧ · · · ∧ eaD−1] = 0 . (4)
Alternatively, in the Palatini understanding of gravity, both the vielbein and the spin connection
are regarded as independent variables
S[ea, ωab] =
1
2κ2 (D − 2)!
∫
ǫa1···aD
[
Θa1a2 +
(D − 2)
Dℓ2
ea1 ∧ ea2
]
∧ ea3 ∧ · · · ∧ eaD . (5)
The corresponding EOM’s from the variation of ea and ωab are respectively(
Θ[a1a2 + ℓ−2e[a1 ∧ ea2
)
∧ ea3 ∧ · · · ∧ eaD−1] = 0 , (6)
De[a1 ∧ ea2 ∧ · · · ∧ eaD−2] = 0 . (7)
Providing that the vielbein ea is not degenerate, the second equation (7) is equivalent to the torsion
free condition (3). Therefore, the Palatini action is equivalent to the original AdS gravity classically.
How to reformulate the above theory as a SO(2, d) gauge theory? A natural idea is to regard
the vielbein ea and the spin connection ωab as different components of the SO(2, d) gauge field Aαˆβˆ .
That is
Aab = ωab , Aa• = ℓ−1ea = −A•a , (8)
where we use • to denote the additional indices of SO(2, d) vector space and αˆ, βˆ are the vector
indices of SO(2, d) group. Then the corresponding field strength is related to the curvature as well
as the torsion free condition
F ab = dAab +Aaγˆ ∧ A
γˆb = dωab + ωac ∧ ω
cb + ℓ−2ea ∧ eb = Θab + ℓ−2ea ∧ eb ,
3
F a• = dAa• +Aaγˆ ∧A
γˆ• = ℓ−1(dea + ωac ∧ e
c) = ℓ−1Dea . (9)
More systematically, to split the SO(2, d) gauge connection to ea and ωab, we need to introduce an
additional field Y αˆ which is in the vector representation of SO(2, d). Furthermore, we can impose
the following gauge invariant constraint on the Y αˆ field
Y αˆYαˆ = −ℓ
2 , (10)
such that it can be totally fixed by the SO(2, d) gauge choice and does not introduce any additional
physical degree of freedom. In this general set up, the space-time metric is given by the following
gauge invariant quadratic form
gMN = DMY
αˆDNYαˆ . (11)
The initial idea of SO(2, d) uplifting (8) can be regarded as the special formula under the gauge
choice(the Palatini gauge)
Ya = 0 , Y• = ℓ . (12)
In this special gauge, we have
DY a = dY a +Aa
βˆ
Y βˆ = ℓAa• = ea , DY • = dY • +A•
βˆ
Y βˆ = 0 ,
DDY a = F a
βˆ
Y βˆ = ℓF a• = Dea , DDY • = F •bY
b = 0 , (13)
where D = d+A denotes the SO(2, d) gauge covariant derivative. Now the Palatini EOMs (6) and
(7) can be nicely unified in a SO(2, d) covariant way
F [αˆ1αˆ2 ∧DY αˆ3 ∧ · · · ∧DY αˆd] = 0 . (14)
One can further realize the uplifting at the action level. In the Palatini gauge (12), we have
(
Θ[a1a2 + ℓ−2e[a1 ∧ ea2
)
∧ ea3 ∧ · · · ∧ eaD]
= (D + 1) ℓ−1F [αˆ1αˆ2 ∧DY αˆ3 ∧ · · · ∧DY αˆDY αˆD+1] ,
e[a1 ∧ ea2 ∧ ea3 ∧ · · · ∧ eaD]
= (D + 1)ℓ−1DY [αˆ1 ∧DY αˆ2 ∧ · · · ∧DY αˆDY αˆD+1] . (15)
It suggests the following gauge invariant action
S[Y,A] =
1
2κ2ℓ (D − 2)!
∫
M
ǫαˆ1···αˆD+1
[
F αˆ1αˆ2 −
2
Dℓ2
DY αˆ1 ∧DY αˆ2
]
∧DY αˆ3 ∧ · · · ∧DY αˆDY αˆD+1 .(16)
For D = 4, it recovers the MacDowell-Mansouri-Stelle-West action[12, 13, 14]. Does it also come
back to the Chern-Simons action [11] in D = 3? At the first sight, the above action looks quite
different from the Chern-Simons type of action. Especially, the Y αˆ field does not appear in [11].
However, this is just an illusion due to the fact that Y αˆ does not appears in the EOM in D = 3.
In fact, the Y αˆ is implicity imposed in [11] when one try to identify the vielbein ea with a specific
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linear combination AL + AR of the SL(2, R)× SL(2, R) gauge field. Furthermore, the equivalence
can be proved by noticing that these two actions are differed by a total derivative term. In general,
one can write down the higher dimensional analogy of the action in [11] and prove that these two
types of actions are always equivalent to each other up to a total derivative term. The details are
explained in the Appendix A.
By varying the gauge field Aαˆβˆ in (16), we get
(D − 2)F [αˆ1αˆ2 ∧DY αˆ3 ∧ · · · ∧DY αˆD−1] = 0 . (17)
It explicitly reproduce the expected EOM for D > 2. For D = 2, the EOM is trivial since (16)
becomes a total derivative term. On the other hand, the EOM derived from varying Y αˆ field#1 is
(D − 2)D
(
F [αˆ1αˆ2 ∧DY αˆ3 ∧ · · · ∧DY αˆD−1
)
Y αˆD ] = 0 . (18)
Providing (17), it is automatically satisfied. Thus as expected, the introducing of Y αˆ does not
imposing any additional constraints other than the original Palatini equations.
Besides the Palatini gauge, another useful gauge choice is
Y µ(x, z) =
xµ
z
, Y d(x, z) =
1− ηµνxµxν − ℓ2z2
2z
, Y •(x, z) =
1 + ηµνx
µxν + ℓ2z2
2z
, (19)
where µ = 0, · · · , d − 1. We will denote it as the embedding gauge since Y αˆ takes the value of
embedding coordinates of pure AdS in D + 1 dimensional flat space. In this gauge, the A = 0
configuration gives rise to the pure AdS vacuum
ds2 =
ℓ2
z2
(
dz2 + ηµνdx
µdxν
)
, (20)
Fixing in the embedding gauge (19), a coordinate transformation on Y αˆ can be mapped to a
SO(2, d)/SO(1, d) gauge transformation which is decided up to the SO(1, d) subgroup leaving Y αˆ
intact. Especially, the isometries of pure AdS vacuum are mapped to the rigid SO(2, d) transforma-
tions.
2.2 The intrinsic SO(2, d) basis
To clarify the relation between the above gauge theory notations and the usual SO(2, d) invariant
notations of gravity, let us expand the quantities with SO(2, d) indices by a gauge covariant basis.
We notice that
Y αˆYαˆ = −ℓ
2 , DMY
αˆDNYαˆ = gMN , Y
αˆDMYαˆ = 0 . (21)
Thus {Y αˆ,DMY
αˆ} naturally forms a orthogonal basis of the SO(2, d) vector space when DY αˆ is
not degenerate. The completion relation is obviously
DMY
αˆDMY βˆ − ℓ−2Y αˆY βˆ = ηαˆβˆ . (22)
#1Since the norm of Y αˆ is fixed, the independent components of δY EOMs are given by (δβˆ
αˆ
+ ℓ2YαˆY
βˆ) δS
δY βˆ
which
are orthogonal to Y αˆ.
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Correspondingly, the intrinsic basis for the adjoint representation is
(τM )
αˆ
βˆ
= ℓ−1
(
Y αˆDMYβˆ − YβˆDMY
αˆ
)
,
(τMN )
αˆ
βˆ
= −(τNM )
αˆ
βˆ
= DMY
αˆDNYβˆ −DMYβˆDNY
αˆ . (23)
The commutators
[τM , τN ] = −τMN , [τM1M2 , τN1N2 ] = 2
(
gN1[M2τM1]N2 − gN2[M2τM1]N1
)
, (24)
give rise to a local realization of the so(2, d) Lie-algebra since it dependents on the local metric gMN
manifestly .
Now we can expand the SO(2, d) gauge theory quantities in the intrinsic basis. We notice that
Y αˆDNDMYαˆ = −gMN ,
DNY
αˆD(M2DM1)Yαˆ =
1
2
[
DM2(DNY
αˆDM1Yαˆ) + DM1(DNY
αˆDM2Yαˆ)−DN (DM1Y
αˆDM2Yαˆ)
]
+D[NDM1 ]Y
αˆDM2Yαˆ +DM1Y
αˆD[NDM2]Yαˆ
=
1
2
(∂M2gNM1 + ∂M1gNM2 − ∂NgM1M2) + (FN(M1)
αˆβˆDM2)Yαˆ Yβˆ ,
DNY
αˆD[M2DM1]Yαˆ =
1
2
(FM2M1)
αˆβˆY
βˆ
DNYαˆ . (25)
Thus we have the expansion of DDY as
DM2DM1Y
αˆ = ℓ−2gM1M2Y
αˆ + ΓNM1M2DNY
αˆ , (26)
which suggests the following spacetime connection ΓMNP with torsion t
M
NP
ΓMNP = Γˆ
M
NP + t
M
NP ,
ΓˆMM1M2 =
1
2
(∂M2gNM1 + ∂M1gNM2 − ∂NgM1M2) ,
tNM1M2 =
1
2
[
(FNM1 )
βˆ1βˆ2DM2Yβˆ1 + (FNM2 )
βˆ1βˆ2DM1Yβˆ1 − (FM1M2)
βˆ1βˆ2DNYβˆ1
]
Y
βˆ2
. (27)
Now the torsion free condition can be expressed covariantly as
D[M2DM1]Y
αˆ =
1
2
(FM1M2)
αˆ
βˆ
Y βˆ = 0 . (28)
Using the corresponding covariant derivative D = ∂ + Γ +A = ∇+A, we get
DM2DM1Y
αˆ = ℓ−2gM1M2Y
αˆ ,
DMτN = ℓ
−1 τMN ,
DMτN1N2 = 2ℓ
−1 gM [N1τN2] . (29)
Similarly, by computing the gauge invariant quantities like DM1Y
αˆD[M2DM3]DM4Yαˆ, we find the
SO(2, d) field strength can be expanded as
FM1M2
=
(
1
2
RN1N2M1M2 + ℓ
−2δN1[M1δ
N2
M2]
)
τN1N2 − 2ℓ
−1tN [M1M2]τN
6
=(
1
2
RˆN1N2M1M2 + ∇ˆ[M1t
N1N2
M2] + t
N1
N [M1t
NN2
M2] + ℓ
−2δN1[M1δ
N2
M2]
)
τN1N2 − 2ℓ
−1tN [M1M2]τN . (30)
where ∇ˆ is the covariant derivative without torsion and RˆN1N2M1M2 is the corresponding curvature
tensor. Expanding the Bianchi identity on the intrinsic basis, we get
0 = D[M3FM1M2]
=
(
∇ˆ[M3Rˆ
N1N2
M1M2] − Rˆ
N
[M2M3M1]t
N1N2
N
)
DN1Y
[αˆDN2Y
βˆ] − 2ℓ−2RˆN [M3M1M2]Y
[αˆDNY
βˆ] . (31)
It is equivalent to the two Bianchi identities for the usual Riemann curvature.
We also notice that
ǫαˆ1···αˆD+1DM1Y
αˆ1 · · ·DMDY
αˆDY αˆD+1 = g
1
2 εM1···MD (32)
where
ε01···d = −1 , g = − det(gMN ) . (33)
By using (32) as well as the expansion (30), the bulk EOM
ǫ
αˆβˆαˆ1···αˆD−1
F αˆ1αˆ2 ∧DY αˆ3 ∧ · · · ∧DY αˆD−1 = 0 (34)
can also be decomposed in terms of the intrinsic basis. We find that the τMN components of (34)
give rise to the torsion free conditions, and the τM components of (34) give rise to the usual Einstein
equations.
3 Bulk dynamics from CFT conservation laws
Given a co-dimension one hypersurface
Σ = {(xµ, z)|z = ζ(xµ)} (35)
the pull back of the bulk EOM (34) on Σ given rise to the (d+2)(d+1)2 constraint equations for the
field configuration on this hypersurface, while the other (d+2)(d+1)d2 components of the bulk EOM
can be viewed as the evolution equations corresponding to the change of the hypersurface. The LHS
of (34) is given by a d−form, thus the constraint equations is equivalent to
F [αˆ1αˆ2 ∧DY αˆ3 ∧ · · · ∧DY αˆD−1] ∧ N (Σ) = 0 (36)
where N (Σ) = dz − ∂µζdxµ is the normal 1-form of the hypersurface Σ. An important observation
is that the full bulk Einstein equations will be automatically satisfied if the constraints (36) are valid
on any arbitrary hypersurface Σ.
It is known that the radial coordinate µ = z−1 can be explained as the energy scale in the
dual CFT [1, 2, 3]. Thus given a bulk hypersurface Σ is related to define the CFT with a finite and
position dependent local energy scale. It should not be surprised to introduce the position dependent
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local energy scale in CFT. In fact, according to the general conformal transformation including the
energy scale[9], a constant energy scale will become position dependent after performing the special
conformal transformation. Furthermore, to compare with the bulk SO(2, d) gauge theory description,
it is more convenient to introduce the SO(2, d) background field on the CFT side as well. In this
formalism, it can be shown that there is a natural way to introduce the local energy scale.
In the CFT perspective, the general conservation law for the conformal symmetry also contains
(d+2)(d+1)
2 components due to the SO(2, d) group structure. As a defining property of the conformal
field theory, the SO(2, d) conservation law should be preserved after the renormalization under a
local energy scale. Thus it is straightforward to conjecture that these conservation laws are the CFT
dual of the constraints (36) from the bulk side. If this conjecture is correct, it means that once we
establish the SO(2, d) conservation law for any local energy scale at the CFT side, the dual bulk
EOM will be automatically implied.
3.1 Bulk Hamiltonian formalism
3.1.1 The induced SO(2, d) structure on Σ
To explore the relation between the constraint equations on Σ and the SO(2, d) conservation law,
a natural tool is the Hamiltonian formalism. Let us start the discussions from defining the d + 1
decomposition of the bulk fields for Σ.
The projection of the Y field and bulk gauge fields on Σ are given by
Y(x; Σ) = Y (x, ζ(x)) ,
Aµ(x; Σ) = hµ
MAM (x, ζ(x)) = Aµ + ∂µζAz , Φ(x; Σ) = Az(x, ζ(x)) , (37)
where hµ
M is the pull back matrix
hµ
ν = δνµ , hµ
z = ∂µζ . (38)
The pull back of the flux is
Fµν = hµ
M
hν
NFMN = 2d[µAν] + [Aµ,Aν ] , (39)
where
dµ = hµ
M∂M (40)
is the projected derivative on Σ. Inversely, we have
A = Aµdx
µ +Azdz = (Aµ − ∂µζΦ)dx
µ + Φdz , (41)
and
DY αˆ = (DµY
αˆ − ∂µζ DzY
αˆ)dxµ +DzY
αˆdz ,
F = (12Fµν − ∂[µζ ∂|z|Aν] + ∂[µζDν]Φ)dx
µ ∧ dxν + (∂zAν −DνΦ)dz ∧ dx
ν . (42)
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The pull back of the bulk Einstein equation is simply
(Fµ1µ2)
[αˆ1αˆ2
Dµ3Y
αˆ3 · · ·DµdY
αˆd] = 0 . (43)
Just like the bulk metric, the induced metric on Σ can be identified as the following SO(2, d)
invariant quadratic form
gµν = hµ
M
hν
NgMN = DµY
αˆ
DνYαˆ . (44)
One can also try to formulate the intrinsic SO(2, d) basis by Yαˆ and its derivatives. In additional
to Yαˆ and DµY
αˆ, we still need to introduce a Nαˆ satisfying
N
αˆ
Yαˆ = 0 , N
αˆ
DµYαˆ = 0 , N
αˆ
Nαˆ = ℓ
2 . (45)
Providing DµY
αˆ is not degenerate, Nαˆ is decided as following
Nαˆ =
1
d!
g−
1
2 εµ1···µdǫαˆαˆ1···αˆd+1Dµ1Y
αˆ1 · · ·DµdY
αˆd
Y
αˆd+1 , (46)
where
g = − det(gµν) , ε
01···d−1 = 1 . (47)
Besides the metric gµν , another important SO(2, d) invariant quantity on Σ is
Kµν = DνY
αˆ
DµNαˆ . (48)
Obviously, it is related to the extrinsic curvature of Σ in the usual geometric language. Analogy
with the bulk results (26), the derivatives on the basis {Y,DµY,N} naturally implies the connection
with torsion on Σ,
DµN
αˆ = Kµ
ν
DνY
αˆ ,
DµDνY
αˆ = ℓ−2gµνY
αˆ + ΓρνµDρY
αˆ − ℓ−2KµνN
αˆ , (49)
where
Γµνρ = Γˆ
µ
νρ + t
µ
νρ ,
Γˆµµ1µ2 =
1
2g
µν (dµ2gνµ1 + dµ1gνµ2 − dνgµ1µ2) ,
t
µ
µ1µ2 =
1
2
gµν
[
(Fνµ1)
βˆ1βˆ2
Dµ2Yβˆ1
+ (Fνµ2)
βˆ1βˆ2
Dµ1Yβˆ1
− (Fµ1µ2)
βˆ1βˆ2
DνYβˆ1
]
Y
βˆ2
. (50)
The flux is decomposed as
Fµ1µ2 =
[
Rν1ν2µ1µ2 + 2ℓ
−2
(
δν1[µ1δ
ν2
µ2]
−K[µ1
ν1
Kµ2]
ν2
)]
Dν1Y
[αˆ
Dν2Y
βˆ]
−4ℓ−4K[µ1µ2]Y
[αˆ
N
βˆ] + 4ℓ−2tν [µ2µ1]Y
[αˆ
DνY
βˆ]
−4ℓ−2
(
D[µ1Kµ2]
ν + tν1 [µ2µ1]Kν1
ν
)
N
[αˆ
DνY
βˆ] (51)
where Dµ and R
ν1ν2
µ1µ2 are respectively the covariant derivative and curvature tensor for the con-
nection Γνρµ. It is also straightforward to check that the Bianchi identity DF = 0 is equivalent to
the two Bianchi identities for Riemannian geometry.
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3.1.2 The canonical structure
In terms of the above hypersurface notation, the bulk action becomes
S[A,Φ,Y]
=
1
g0
∫
dzddx ǫαˆ1···αˆd+2ε
µ1···µd
{
A˙
αˆd+1αˆ1
µ1
Dµ2Y
αˆ2 · · ·DµdY
αˆd
Y
αˆd+2
−
[
d− 1
2
(Fµ1µ2)
αˆ1αˆ2 − 2ℓ−2Dµ1Y
αˆ1
Dµ2Y
αˆ2
]
Dµ3Y
αˆ3 · · ·DµdY
αˆd
Y
αˆd+1
Y˙
αˆd+2
−
d− 1
4
ℓ2(Fµ1µ2)
αˆ1αˆ2
Dµ3Y
αˆ3 · · ·DµdY
αˆdΦαˆd+1αˆd+2
}
(52)
where the coupling constant is g0 = 2 (d−1)!κ2ℓ. For simplicity, we will set g0 = 1 in the subsequent
part of this paper. We notice that Φ = Az is a free Lagrangian multiplier which gives rise to exactly
the constraint (43).
The canonical momentums for the dynamical field A and Y are given by#2
(Πµ)
αˆβˆ
=
∂L
∂(A˙µ)αˆβˆ
= −ǫ
αˆβˆαˆ1···αˆd
εµµ2···µdYαˆ1Dµ2Y
αˆ2 · · ·DµdY
αˆd , (53)
Παˆ =
∂L
∂Y˙αˆ
= (−1)dǫαˆαˆ1···αˆd+1ε
µ1···µd
[
d− 1
2
(Fµ1µ2)
αˆ1αˆ2 −
2
ℓ2
Dµ1Y
αˆ1
Dµ2Y
αˆ2
]
Dµ3Y
αˆ3 · · ·DµdY
αˆd
Y
αˆd+1 . (54)
The corresponding Hamiltonian is simply the constraint for Φ
H0 =
∫
Σ
ddx [(Πµ)
αˆβˆ
(A˙µ)
αˆβˆ +ΠαˆY˙
αˆ − L]
=
d− 1
4
ℓ2
∫
Σ
ddx ǫαˆ1···αˆd+2ε
µ1···µd(Fµ1µ2)
αˆ1αˆ2
Dµ3Y
αˆ3 · · ·DµdY
αˆdΦαˆd+1αˆd+2 . (55)
Since that only first order z-derivative of A and Y appeared in L, the canonical momentums are
decided by the canonical coordinates themselves instead of their radial derivatives. For such kind of
constrained phase space, it is impossible to reproduce the expressions (53) and (54) of the canonical
momentums just from the Hamiltonian H0 itself. Thus one can not to come back from H0 to the
original Lagrangian by performing the Legendre transformation backwardly. In fact, the Poisson
bracket is also ill defined due to the mixing of the degree of freedom of the canonical pairs. To solve
these problems, it is better to incorporate the expressions (53) and (54) manifestly as additional
phase space constraints in the following Hamiltonian action[15]
S[Aµ,Π
µ,Y,Π,Φ, λµ, λ]
=
∫
dzddx
{
(Πµ)
αˆβˆ
(A˙µ)
αˆβˆ +ΠαˆY˙
αˆ −
d− 1
4
ℓ2ǫ
αˆβˆαˆ1···αˆd
εµ1···µd(Fµ1µ2)
αˆ1αˆ2
Dµ3Y
αˆ3 · · ·DµdY
αˆdΦαˆβˆ
−(λµ)
αˆβˆ [(Πµ)
αˆβˆ
+ ǫ
αˆβˆαˆ1···αˆd
εµµ2···µdYαˆ1Dµ2Y
αˆ2 · · ·DµdY
αˆd ]
−λαˆ
[
Παˆ − (−1)
dǫαˆαˆ1···αˆd+1ε
µ1···µd
(
(d− 1)(Fµ1µ2)
αˆ1αˆ2 − 2ℓ−2Dµ1Y
αˆ1
Dµ2Y
αˆ2
)
Dµ3Y
αˆ3 · · ·DµdY
αˆd
Y
αˆd+1
]}
. (56)
Now the Poisson bracket can be well defined as usual
{P,Q} =
∫
Σ
ddx
[
δP
δ(Aµ)αˆβˆ
δQ
δ(Πµ)
αˆβˆ
−
δP
δ(Πµ)
αˆβˆ
δQ
δ(Aµ)αˆβˆ
+
δP
δYαˆ
δQ
δΠαˆ
−
δP
δΠαˆ
δQ
δYαˆ
]
. (57)
#2More rigorously, we should incorporate the constraint YαYα = −ℓ2 manifestly in the canonical procedure. It
will lead to the secondary constraint YαΠα = 0 which will help us deciding Πα unambiguously.
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What is the physical meaning of the constraint (43)? Providing (53) and (54), we find that
u
αˆβˆ [Dµ(Π
µ)
αˆβˆ
+Π[αˆYβˆ]]
= uαˆβˆǫ
αˆβˆαˆ1···αˆd
εµ1µ2···µd
[
−Dµ1Y
αˆ1
Dµ2Y
αˆ2 · · ·DµdY
αˆd +
d− 1
2
(Fµ1µ2)
αˆ1γ
YγˆY
αˆ2
Dµ3Y
αˆ3 · · ·DµdY
αˆd
]
−
(d− 1)
2
ǫαˆαˆ1···αˆd+1ε
µ1···µd
u
αˆβˆ(Fµ1µ2)
αˆ1γˆ
YγˆY
αˆ2
Dµ3Y
αˆ3 · · ·DµdY
αˆd
−
(d− 1)ℓ2
4
ǫ
αˆβˆαˆ1···αˆd
εµ1···µduαˆβˆ(Fµ1µ2)
αˆ1αˆ2
Dµ3Y
αˆ3 · · ·DµdY
αˆd
+ǫ
αˆβˆαˆ1···αˆd
εµ1···µduαˆβˆDµ1Y
αˆ1 · · ·DµdY
αˆd
= −
(d− 1)ℓ2
4
ǫ
αˆβˆαˆ1···αˆd
εµ1···µduαˆβˆ(Fµ1µ2)
αˆ1αˆ2
Dµ3Y
αˆ3 · · ·DµdY
αˆd . (58)
Therefore, once the expressions (53) and (54) of canonical momentums are given, the equation (43)
is indeed equivalent to the constraint for the SO(2, d) gauge invariance
G0[u] =
∫
Σ
ddxuαˆβˆǫ
αˆβˆαˆ1···αˆd
εµ1···µd [Dµ(Π
µ)
αˆβˆ
+Π[αˆYβˆ]] (59)
which generates the SO(2, d) transformation via the Poisson brackets
{G0[u], (Aµ)
αˆβˆ} = −Dµu
αˆβˆ , {G0[u],Y
αˆ} = uαˆ
βˆ
Y
βˆ ,
{G0[u], (Π
µ)
αˆβˆ
} = 2u[βˆ
γˆ(Πµ)αˆ]γˆ , {G0[u],Παˆ} = uαˆ
γˆ(Πµ)γˆ . (60)
Now, by linear redefinition of the free lagrangian multipliers, the Hamiltonian action becomes
S[Aµ,Π
µ,Y,Π,Φ, λµ, λ]
=
∫
dzddx
{
(Πµ)
αˆβˆ
(A˙µ)
αˆβˆ +ΠαˆY˙
αˆ + Φαˆβˆ [Dµ(Π
µ)
αˆβˆ
+Π[αˆYβˆ]]
−λαˆ
[
Παˆ − (−1)
dǫαˆαˆ1···αˆd+1ε
µ1···µd
(
d− 1
2
(Fµ1µ2)
αˆ1αˆ2 − 2ℓ−2Dµ1Y
αˆ1
Dµ2Y
αˆ2
)
Dµ3Y
αˆ3 · · ·DµdY
αˆd
Y
αˆd+1
]
−(λµ)
αˆβˆ [(Πµ)
αˆβˆ
+ ǫ
αˆβˆαˆ1···αˆd
εµµ2···µdYαˆ1Dµ2Y
αˆ2 · · ·DµdY
αˆd ]
}
=
∫
dzddx
{
(Πµ)
αˆβˆ
(A˙µ)
αˆβˆ +ΠαˆY˙
αˆ + Φαˆβˆ [Dµ(Π
µ)
αˆβˆ
+ΠαˆYβˆ]
− λαˆ
[
Παˆ − 3(−1)
d(d− 1)!g
1
2
N[αˆD
µ1
Yαˆ1D
µ2
Yαˆ2](Fµ1µ2)
αˆ1αˆ2 + 2(−1)dd! ℓ−2g
1
2
Nαˆ
]
− (λµ)
αˆβˆ[(Πµ)
αˆβˆ
− (−1)d2(d− 1)! g
1
2
N[αˆD
µ
Y
βˆ]]
}
(61)
where we have simplified the expression by using Nαˆ and g notations.
Furthermore, in order to understand the physical meaning of other constraints, it is better to
decompose λαˆ by the intrinsic SO(2, d) basis#3
λαˆ = ℓ−1nNαˆ + nµDµY
αˆ . (62)
The corresponding constraint decouples as following
G1 =
∫
Σ
ddxλαˆ
[
Παˆ − 3(−1)
d(d− 1)!g
1
2
N[αˆD
µ1
Yαˆ1D
µ2
Yαˆ2](Fµ1µ2)
αˆ1αˆ2 + 2(−1)dd! ℓ−2g
1
2
Nαˆ
]
=
∫
Σ
ddx
{
ℓ−1n
[
ΠαˆN
αˆ − (−1)d(d− 1)!ℓ2g
1
2
D
µ1
Y[αˆ1D
µ2
Yαˆ2](Fµ1µ2)
αˆ1αˆ2 + 2(−1)dd! g
1
2
]
#3Here we have used the condition λαˆYαˆ = 0 which is inherited from Π
αˆ
Yαˆ = 0.
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+ nµ
[
ΠαˆDµY
αˆ − 2(−1)d(d− 1)!g
1
2
N[αˆ1D
µ1
Yαˆ2](Fµ1µ)
αˆ1αˆ2
]}
(63)
Providing (53), it can be further reexpressed as homogenous functions of the canonical momentums
ΠαˆDµY
αˆ − 2(−1)d(d− 1)!g
1
2
N[αˆ1D
µ1
Yαˆ2](Fµ1µ)
αˆ1αˆ2
= ΠαˆDµY
αˆ + (Πν)αˆ1αˆ2(Fµν)
αˆ1αˆ2 ,
ΠαˆN
αˆ − (−1)d(d− 1)!ℓ2g
1
2
D
µ1
Y[αˆ1D
µ2
Yαˆ2](Fµ1µ2)
αˆ1αˆ2 + 2(−1)dd! g
1
2
=
(−1)d
(d− 1)!
g−
1
2
[
1
d
ΠαˆDµYβˆ(Π
µ)αˆβˆ − (Fµ1µ2)
αˆ1αˆ2(Πµ1 )βˆ αˆ1(Π
µ2)
βˆαˆ2
+ ℓ−2(Πµ)
αˆβˆ
(Πµ)
αˆβˆ
]
. (64)
Now we can finally reformulate the Hamiltonian action equivalently as
S[Aµ,Π
µ,Y,Π,Φ, λµ, λ] =
∫
dzddx
{
(Πµ)
αˆβˆ
(A˙µ)
αˆβˆ +ΠαˆY˙
αˆ −H
}
. (65)
where the corresponding Hamiltonian
H =
∫
Σ
ddxH = G0[−Φ] +G
(0)
1 [nˆ] +G
(1)
1 [n
µ] +G2[λµ] , (66)
is just the summation of the constraints
G0[Φ] =
∫
Σ
ddxΦαˆβˆ [Dµ(Π
µ)
αˆβˆ
+Π[αˆYβˆ]] ,
G
(0)
1 [nˆ] =
∫
Σ
ddx
nˆ
2
[
1
d
ΠαˆDµYβˆ(Π
µ)αˆβˆ − (Fµ1µ2)
αˆ1αˆ2(Πµ1 )βˆ αˆ1(Π
µ2 )
βˆαˆ2
+ ℓ−2(Πµ)
αˆβˆ
(Πµ)
αˆβˆ
]
,
G
(1)
1 [n
µ] =
∫
Σ
ddx nµ
[
ΠαˆDµY
αˆ + (Πν)αˆ1αˆ2(Fµν)
αˆ1αˆ2
]
,
G2[λµ] =
∫
Σ
ddx (λµ)
αˆβˆ[(Πµ)
αˆβˆ
− (−1)d2(d− 1)! g
1
2
N[αˆD
µ
Y
βˆ]] . (67)
By computing the Poisson brackets among these constraints, we find that G0, G
(0)
1 and G
(1)
1 are
1st class constraints. This is consistent with the fact that G0 is the generator of SO(2, d) gauge
transformation, while G
(0)
1 and G
(1)
1 are the generators of the gauge covariant bulk diffeomorphism
transformation[15]. On the other hand, the constraint G2 says that the conjugation momentum of
the gauge field A is given by the SO(2, d) covariant area operator#4on Σ. It does not relate to any
gauge symmetry of the theory, and one can check it is indeed a 2nd class constraint. The consistency
condition {H,G2} ≈ 0 further implies the secondary constraint
G3[λµ
µ1µ2 ] =
∫
Σ
ddx g
1
2
(
λµ
µ1µ2 −
2
d− 1
λν
[µ1|ν|δµ2]µ
)
(Fµ1µ2)
αˆβˆ
YαˆD
µ
Y
βˆ
. (68)
This constraint is also a 2nd class constraint, and it is related to the bulk torsion free condition.
3.2 CFT conservation laws and holography
Previously, we have shown that the pull back of the bulk EOM on Σ is related to the SO(2, d)
conservation law in the Hamiltonian formalism. In this part, we sketch how to built up the same
structure by the dual CFT arguments. A more comprehensive treatment will be presented in [16].
#4Here, the area means the size of a co-dimension one submanifold on Σ.
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3.2.1 The appearance of boundary SO(2, d) structure
In the usual description of the UV CFT, the theory is defined upon the background metric gµν .
Inspired by the bulk results, we expect that the same theory could be equivalently described by the
SO(2, d) background field.
Considering a generic CFT state |ψ〉, we can compute the corresponding amplitude by imposing
proper initial conditions on the path integral
e−iW [gµν ;|ψ〉] =
∫
|ψ〉
[Dφ]e−iS[φ;gµν ] , (69)
whereW [gµν ; |ψ〉] is the state dependent effective action. When the metric is flat, the corresponding
vacuum |Ω〉 is invariant under the rigid SO(2, d) transformation. In this case, by using the rigid
conformal invariance of the action S[φ; ηµν ], we get
∂µT
µν = 0 , T[µν] = 0 , Tµµ = 0 . (70)
Equivalently, we can reformulate them as an SO(2, d) conservation law
∂µ(J
µ)αˆβˆ = 0 , (71)
where the conserved current is decided by the EM tensor as
(Jαˆβˆ)µ = 2Y [αˆ∂νY
βˆ]Tµν . (72)
and the auxiliary background SO(2, d) vector field Y αˆ is given by
Y µ = xµ , Y d = 12 (1− ηµνx
µxν) , Y • = 12 (1 + ηµνx
µxν) . (73)
This auxiliary background field Y αˆ satisfies the similar relations as in the bulk analysis
Y αˆYαˆ = 0 , ∂µY
αˆ∂νYαˆ = ηµν . (74)
The SO(2, d) null-vector Y αˆ can be viewed as the boundary dual of the bulk Y αˆ field. In fact,
after regarding Y αˆ as a background primary with conformal weight ∆ = −1, we can apply the
bulk-boundary relation suggested in [9]
ℓY αˆ(x, z) = z−10F1
(
; ∆− d2 + 1;−
ℓ2z2
4 
)
Y αˆ(x) (75)
to generate the corresponding bulk configuration for Y αˆ. Especially, the above configuration (73)
will gives rise to the Y αˆ configuration (19) of the embedding gauge. By fixing the formula (73), the
diffeomorphism+Weyl transformations on Y αˆ can be mapped to the local SO(2, d)/ISO(1, d − 1)
transformations which are decided up to the ISO(1, d− 1) subgroup leaving Y αˆ intact. Especially,
the rigid SO(2, d) transformations are mapped to the rigid conformal transformations.
Generically, after performing the local SO(2, d) transformations on Y αˆ, it is unavoidable to
incorporate the background SO(2, d) gauge field Aµ. Then the metric is given by the SO(2, d)
invariant quadratic form
gµν = DµY
αˆ
DνYαˆ . (76)
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Obviously, after turning on A, it covers the generic background metric configurations instead of
just the flat one. One can also incorporate the torsion by considering DµDνY
αˆ as in the previous
section. A crucial point is that the physical degree of freedom for Aµ can not be totaly fixed by the
d-dimensional background geometric data gµν and t
ρ
νµ. For example, the conditions gµν = ηµν and
tρνµ = 0 are not enough for fixing Aµ to be the pure gauge configuration. To analyze it in general,
we can introduce Xαˆ which satisfies
XαˆDµY
αˆ = 0 , XαˆX
αˆ = 0 , XαˆY
αˆ = 1 , (77)
to establish the intrinsic SO(2, d) basis {Y αˆ,DµY αˆ,Xαˆ} for UV CFT. Then the SO(2, d) flux is
decomposed as
Fµ1µ2
=
[
Rν1ν2µ1µ2 −
2
d
(
δν1[µ1 fµ2]
ν2 + f[µ1
ν1δν2
µ2]
)]
Dν1Y
[αˆ
Dν2Y
βˆ]
+
4
d
f[µ1µ2]X
[αˆY βˆ] − 4tν [µ1µ2]DνY
[αˆXβˆ] −
4
d
(
∇[µ1 fµ2]
ν − tν1 [µ1µ2]fν1
ν
)
Y [αˆDνY
βˆ] . (78)
Now it is clear that the missing part is the non-geometric background data
fµν = DνYαˆDµX
αˆ . (79)
What is the meaning of fµν in the traditional CFT language? A natural candidate is the expectation
value Tµν of the EM tensor operator itself. By considering the UV Weyl transformation rule, it can
be shown[16] that fµν is indeed related to the EM tensor.
It should not be surprised that Tµν is incorporated in defining the SO(2, d) structure of the
CFT background data. In fact, working on a generic state |ψ〉, the Noether current Jµ is not simply
conserved. There must be an additional source term coming from the conformal transformation of
the state itself
∂µJ
µ ∼
δW
δ|ψ〉
. (80)
In the content of AdS/CFT, the relevant states under the lager N limit are characterized by the
expectation values of the single trace operators. Especially, for the pure gravity sector, we only need
the expectation value Tµν to describer the relevant state. Therefore, we have
W [gµν ; |ψ〉] =W [gµν ,T
µν ] (81)
and the conservation law becomes
∂µJ
µ ∼
δW
δTµν
δTµν . (82)
It is also reasonable to extend the same perspective to the amplitude for the non-flat background
metric gµν . Now we assume that the corresponding vacuum break the conformal symmetry sponta-
neously. Thus there must be another source term appeared in the SO(2, d) conservation law
∂µJ
µ ∼
δW
δgµν
δgµν . (83)
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The similar argument also holds if the torsion is also introduced. At the level of the effective action
W , it is expected that one can treat the state dependent background data gµν , T
µν and tρµν at
equal footing by introducing the SO(2, d) background gauge field A. After reformulating these
background data in terms of A and Y , we have
e−iW [A,Y ] =
∫
|ψ〉
[Dφ]e−iS[φ;gµν ,t
µ
νρ] , (84)
In this language, the physical conservation laws are realized simply by requiring that the effec-
tive action W [A,Y ] is invariant under internal local SO(2, d) transformations, the diffeomorphism
transformations as well as the Weyl transformations.
3.2.2 The renormalized CFT conservation laws
To compare with the bulk result directly, we also need to consider the renormalization of the UV
background fields Aµ(x),Y (x) under a finite energy scale µ. The quantity Y
αˆYαˆ is a scalar with
mass dimension ∆ = −2 which is not allowed to have a non-zero background value in the UV
conformal invariant vacuum. Thus we always have Y αˆYαˆ = 0 in the UV fixed point. However, there
is no physical reason to expect that the norm of the renormalized field Y (x,µ) remains vanishing
along the RG flow. In general, it would be a local function Y αˆ(x,µ)Yαˆ(x,µ) = −ζ2(x,µ). In fact,
the quantity ζ−1 itself is a natural candidate to label the energy scale. The definition
µ = ζ−1 . (85)
is different from the norm of the transfer momentum which are used in the usual QFT computations.
We notice that (85) is independent of the background metric, thus it is more convenient in dealing
with the issues which are related to the renormalization of the backgroundmetric. Another advantage
is that its value is locally defined from the beginning.
For the CFT with the local energy scale µ = 1/ζ(x), the renormalized field Y (x, ζ) and its
derivative DµY (x, ζ) are no-longer a nice candidate for an intrinsic SO(2, d) basis since we have
Y αˆDµYαˆ 6= 0 generically . Instead, we would like to use
Y
αˆ = ℓζ−1Y αˆ (86)
to establish the CFT intrinsic SO(2, d) basis as in Section 3.1.1. Here ℓ is an arbitrary constant
which can not be decided at this level. Now, together with the renormalized gauge field Aµ(x,µ),
we already have all the ingredients to reproduce the bulk results.
Restricting to the states |ψ〉 which can be characterized by the expectation value of the EM
tensor, the CFT amplitude is given by
e−iW [A,Y] =
∫
|ψ〉
[Dφ]µe
−iS[φ;gµν ,t
µ
νρ] , (87)
where [Dφ]µ means the path integral is performed by imposing the renormalization condition at the
energy scale µ. As a generalization of the fundamental prescription in [3], we propose that the CFT
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amplitude equals to the following bulk wave functional
e−iW [A,Y] = ΨBulk[A,Y] =
∫
A(x,ζ)=A,Y (x,ζ)=Y
[DADY ]Σe
−iSBulk[A,Y ] , (88)
where [DADY ]Σ means that the bulk path integral is performed from interior z = 0 to the hyper-
surface z = ζ(x).
At the level of the wave functional, the canonical commutator is realized by the following operator
equations
Πˆµ ◦ΨBulk[A,Y] = i
δ
δAµ
ΨBulk[A,Y] , Πˆ ◦ΨBulk[A,Y] = i
δ
δY
ΨBulk[A,Y] . (89)
Thus at the bulk classical limit, the expectation value of the canonical momentum operator is given
by
Πµ =
δW [A,Y]
δAµ
, Π =
δW [A,Y]
δY
. (90)
From the CFT point of view, this is nothing but the source-response relation for the background
field Aµ and Y. In general, the explicit expressions for Π
µ and Π are theory dependent. Especially,
if W [A,Y] can be expressed as an integral over a local effective Lagrangian density
W [A,Y] =
∫
Σ
ddx Ieff(A,Y) (91)
then the RHS in (90) become local functions of A and Y. Therefore, the dual bulk theory must be a
constrained Hamiltonian system as in Section 3.1.2, and the corresponding bulk Lagrangian should
contain only 1st order radial derivative of A and Y.
As the defining property of the CFT, we requires again that the effective action W [A,Y] must
be invariant under the internal local SO(2, d) transformations, the d-dimensional diffeomorphism
transformations as well as the Weyl transformations. The internal SO(2, d) transformation is given
by
δint(Aµ)
αˆβˆ = −Dµu
αˆ
βˆ
, δintY
αˆ = uαˆ
βˆ
Y
βˆ . (92)
By assuming (91), we find that it implies the expected conservation law
δintW = 0 ⇔ Dµ(Π
µ)
αˆβˆ
+Π[αˆYβˆ] = 0 . (93)
The d-dimensional gauge covariant diffeomorphism is given by
δdiff(Aµ)
αˆβˆ = −δxν(Fνµ)
αˆβˆ , δdiffY
αˆ = −δxµDµY
αˆ . (94)
For a local effective action W [A,Y], we get
δdiffW = 0 ⇔ (Π
ν)
αˆβˆ
(Fµν)
αˆβˆ +ΠαˆDµY
αˆ = 0 . (95)
This is exactly the G
(1)
1 constraint obtained in the bulk Hamiltonian formalism. Given this conser-
vation law, the expression of ΠαˆDµYαˆ is totally fixed. The rest N
αˆ component of Π can be fixed
by the quadratic constraint G
(0)
1
1
d
ΠαˆDµYβˆ(Π
µ)αˆβˆ − (Fµ1µ2)
αˆ1αˆ2(Πµ1)βˆ αˆ1(Π
µ2 )
βˆαˆ2
+ ℓ−2(Πµ)
αˆβˆ
(Πµ)
αˆβˆ = 0 . (96)
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In the CFT language, it should be explained as the conservation law for Weyl transformation. This
constraint generates the fundamental transformations as following
δW(Aµ)
αˆβˆ = ω
(
1
2d
Π[αˆDµY
βˆ] − (Πν)[αˆγˆ(Fµν)
βˆ]γˆ + ℓ−2(Πµ)
αˆβˆ
)
,
δWY
αˆ =
ω
2d
(Πµ)αˆβˆDµYβˆ . (97)
One can check that it comes back to the scaling of the metric in the z → 0 UV limit. For the general
cases, the transformation of the CFT background metric will depend on the expectation value of the
EM tensor as well. The more systematical analysis of such kind of generalized Weyl transformation
will be presented in [16].
Now, only the expression of Πµ remains undetermined. Unlike the Π, it can not be fixed by the
symmetries of the CFT. This is consistent with the fact that the bulk G2 constraint is a second class
constraint. Thus this is really the theory dependent part which can only be decide by the explicit
CFT dynamics. Especially, the bulk result suggests that for a CFT dual to the pure Einstein gravity,
the CFT effective action W should satisfy
δW
δ(Aµ)αˆβˆ
= −ǫ
αˆβˆαˆ1···αˆd
εµµ2···µdYαˆ1Dµ2Y
αˆ2 · · ·DµdY
αˆd . (98)
As observed previously, there is a interesting physical explanation of (98). That is, the response
of the background gauge field is given by the SO(2, d) covariant area law. We conjecture that this
formula can be understood as the local statement of the holographicity of the quantum gravity.
Providing this area law, one can recover the bulk EOM of pure gravity theory from the fact that the
constraint (43) is valid for any local energy scale. It is very curious to clarify its relation with the
other holographic area laws, such as the black hole entropy, the Ryu-Takayanagi formula[17], etc.
On the other hand, it is also very interesting to explore what kind of bulk theory would arise if we
modify the above covariant area law. We hope to come back to these issues in the future works.
There is another equivalent way to understand the emergence of the bulk dynamics in our frame-
work. A systematical approach to treat the renormalization issue is to find a Hamiltonian HRG
which generates the RG flow. The renormalization conditions defining the theory at finite energy
scales can be viewed as additional constraints Ga of this Hamiltonian system. Especially, the var-
ious conservation laws can be viewed as part of the renormalization conditions. To ensure these
constraints are satisfied at all the energy scales, the commutator [HRG, Ga] must be weakly zero. In
the CFT case, since the information about the evolution along the direction of the energy scale has
already been captured by the Weyl symmetry, the simplest choice of the Hamiltonian HRG is just
the summation of all the constraints as observed in the bulk discussions (66). This argument also
give rises to a general explanation about the fact that a boundary global symmetry is always dual to
a bulk gauge symmetry. Of course, for the general QFT which does not have the Weyl invariance,
additional information related to the scaling behavior is needed for constructing the Hamiltonian of
the RG flow.
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4 Summary
In this paper, we apply a manifestly SO(2, d) covariant formalism to explore the holographic emer-
gency of the bulk dynamics. The bulk gravity is reformulated as a SO(2, d) gauge theory. The
analysis in the Hamiltonian formalism shows that the bulk EOM is governed by the hypersurface
SO(2, d) conservation law. Providing the SO(2, d) conservation law is valid on arbitrary hypersurface
Σ, the full bulk Einstein equation will be automatically satisfied.
In the dual CFT side, we notice that it is also possible to introduce the SO(2, d) covariant
background fields correspondingly. A metric independent local energy scale can be easily defined
in this frame work. After generalizing the fundamental prescription ZAdS = ZCFT to the finite
energy scale, we find that the source-response relations for the CFT effective action are directly
related to the bulk canonical relations. All the conservation laws obtained in the bulk Hamiltonian
formalism can be recovered by requiring that the dual CFT effective action is invariant under the
local SO(2, d), diffeomorphism and Weyl transformations. Finally, to reproduce the bulk EOM for
the pure Einstein gravity, a SO(2, d) covariant area law should be applied for the response of the
background gauge field.
The SO(2, d) gauge theory formulation of AdS gravity can be easily extended to the asymptoti-
cally dS or flat case. The only difference is just the gauge group becomes SO(1, d+1) or ISO(1, d).
In principle, a similar holographic description of the corresponding gravity theory could be estab-
lished by following the same procedures in this paper. As a subsequent task, it is curious enough to
consider these generalizations in full details and comparing our procedure with the other proposals
[18, 19]. On the other hand, we notice that the Hamiltonian formalism obtained in this paper is
quite similar to the Hamiltonian based on the Ashtekar variables in loop quantum gravity[20, 21].
Thus it is quite interesting to consider whether one can use the technics in LQG to perform the
canonical quantization of this bulk SO(2, d) gauge theory. If so, it might offer a possible way to
establish the holographic dictionary at the full quantum level.
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A The alternative bulk action
Alternatively, we can construct the SO(2, d) uplifting of the Palatini action by following the method
in [11]. Ignoring the dimensions, the exterior derivative of the Palatini Lagrangian density is
d
[
ǫa1···aD
(
Θa1a2 + D−2
D
ℓ−2ea1 ∧ ea2
)
∧ ea3 ∧ · · · ∧ eaD
]
= (D − 2)
[
ǫa1···aD
(
Θa1a2 + ℓ−2ea1 ∧ ea2
)
∧Dea3 ∧ ea4 ∧ · · · ∧ eaD
]
. (99)
The corresponding SO(2, d) uplifting is given by
VD+1 = ǫαˆ1···αˆD+1F
αˆ1αˆ2 ∧ F αˆ3αˆ4 ∧DY αˆ5 ∧ · · · ∧DY αˆD+1 (100)
which comes back to (99) under the Palatine gauge (12) . We can also check that this uplifted D+1
form (100) is indeed closed
d
(
ǫαˆ1···αˆD+1F
αˆ1αˆ2 ∧ F αˆ3αˆ4 ∧DY αˆ5 ∧ · · · ∧DY αˆD+1
)
= (D − 3)ǫαˆ1···αˆD+1F
αˆ1αˆ2 ∧ F αˆ3αˆ4 ∧ F αˆ5
βˆ
Y βˆ ∧DY αˆ6 ∧ · · · ∧DY αˆD+1
= (D−3)(D−4)6 ǫαˆ1···αˆD+1F
αˆ1αˆ2 ∧ F αˆ3αˆ4 ∧ F αˆ5αˆ6 ∧ Y
βˆ
DY βˆ ∧DY αˆ7 ∧ · · · ∧DY αˆD+1
= 0 . (101)
Thus it is locally exact VD+1 = dL and the correspondingD-dimensional gauge invariant Lagrangian
density L must exist. In fact, by noticing that
d
(
ǫαˆ1···αˆD+1F
αˆ1αˆ2 ∧ · · · ∧ F αˆ2m−1αˆ2m ∧DY αˆ2m+1 ∧ · · · ∧DY αˆDY αˆD+1
)
= (−1)Dǫαˆ1···αˆD+1F
αˆ1αˆ2 ∧ · · · ∧ F αˆ2m−1αˆ2m ∧DY αˆ2m+1 ∧ · · · ∧DY αˆD+1
+
(−1)D(D2 −m)
m+1 ℓ
2ǫαˆ1···αˆD+1F
αˆ1αˆ2 ∧ · · · ∧ F αˆ2m+1αˆ2m+2 ∧DY αˆ2m+3 ∧ · · · ∧DY αˆD+1 , (102)
the explicit expression of L can be decided recursively. For even dimensions D = 2k, we have
ǫαˆ1···αˆ2k+1F
αˆ1αˆ2 ∧ F αˆ3αˆ4 ∧DY αˆ5 ∧ · · · ∧DY αˆ2k+1
= d
[
k∑
m=2
(−1)D+m 2ℓ2(m−2)Γ(k − 1)
m! Γ(k −m+ 1)
ǫαˆ1···αˆ2k+1F
αˆ1αˆ2 ∧ · · · ∧ F αˆ2m−1αˆ2m ∧DY αˆ2m+1 ∧ · · · ∧DY αˆ2kY αˆ2k+1
]
; (103)
while for the odd dimensions D = 2k + 1, we have
ǫαˆ1···αˆ2k+2F
αˆ1αˆ2 ∧ F αˆ3αˆ4 ∧DY αˆ5 ∧ · · · ∧DY αˆ2k+2
= d
[
k∑
m=2
(−1)D+m 2ℓ2(m−2)Γ
(
k − 12
)
m! Γ
(
k −m+ 32
) ǫαˆ1···αˆ2k+2F αˆ1αˆ2 ∧ · · · ∧ F αˆ2m−1αˆ2m ∧DY αˆ2m+1 ∧ · · · ∧DY αˆ2k+1Y αˆ2k+2
]
+
2 (−1)k+1ℓ2(k−1)Γ
(
k − 12
)
(k + 1)! Γ
(
1
2
) ǫαˆ1···αˆ2k+2F αˆ1αˆ2 ∧ · · · ∧ F αˆ2k+1αˆ2k+2
= d
[ k∑
m=2
(−1)D 2Γ
(
k − 12
)
m! Γ
(
k −m+ 32
) ǫαˆ1···αˆ2k+2F αˆ1αˆ2 ∧ · · · ∧ F αˆ2m−1αˆ2m ∧DY αˆ2m+1 ∧ · · · ∧DY αˆ2k+1Y αˆ2k+2
+
2 (−1)k+1ℓ2(k−1)Γ
(
k − 12
)
(k + 1)! Γ
(
1
2
) Ω2k+1] , (104)
where
Ω2k+1 =
k∑
m=0
(k + 1)!
(k +m+ 1)m! (k −m)!
ǫαˆ1···αˆ2k+2A
αˆ1αˆ2 ∧ Aαˆ3
βˆ1
∧ Aβˆ1αˆ4 ∧ · · · ∧Aαˆ2m+1
βˆm
∧ Aβˆmαˆ2m+2
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∧ dAαˆ2m+3αˆ2m+4 ∧ · · · ∧ dAαˆ2k+1αˆ2k+2 ,
dΩ2k+1 = ǫαˆ1···αˆ2k+2F
αˆ1αˆ2 ∧ · · · ∧ F αˆ2k+1αˆ2k+2 . (105)
On the other hand, we notice that the exterior derivative of the Lagrangian density in (16) is
d
{
ǫαˆ1···αˆD+1
[
F αˆ1αˆ2 − 2
Dℓ2
DY αˆ1 ∧DY αˆ2
]
∧DY αˆ3 ∧ · · · ∧DY αˆDY αˆD+1
}
= (D − 2)ǫαˆ1···αˆD+1F
αˆ1αˆ2 ∧ F αˆ3
βˆ
Y βˆ ∧DY αˆ4 ∧ · · · ∧DY αˆDY αˆD+1
+(−1)Dǫαˆ1···αˆD+1F
αˆ1αˆ2 ∧DY αˆ3 ∧ · · · ∧DY αˆD ∧DY αˆD+1
−2ℓ−2ǫαˆ1···αˆD+1F
αˆ1
βˆ
Y βˆ ∧DY αˆ2 ∧ · · · ∧DY αˆDY αˆD+1
= (D−3)(D−2)4 ǫαˆ1···αˆD+1F
αˆ1αˆ2 ∧ F αˆ3αˆ4Y
βˆ
∧DY βˆ ∧DY αˆ5 ∧ · · · ∧DY αˆDY αˆD+1
+D−24 ǫαˆ1···αˆD+1F
αˆ1αˆ2 ∧ F αˆ3αˆD+1Y
βˆ
∧DY αˆ4 ∧ · · · ∧DY αˆDY βˆ
+(−1)Dǫαˆ1···αˆD+1F
αˆ1αˆ2 ∧DY αˆ3 ∧ · · · ∧DY αˆD ∧DY αˆD+1
−(D − 1)ℓ−2ǫαˆ1···αˆD+1F
αˆ1αˆ2Y
βˆ
∧DY βˆ ∧DY αˆ3 ∧ · · · ∧DY αˆDY αˆD+1
−ℓ−2ǫαˆ1···αˆD+1F
αˆ1αˆD+1Y
βˆ
∧DY αˆ2 ∧ · · · ∧DY αˆDY βˆ
= (−1)
D(D−2)
4 ℓ
2ǫαˆ1···αˆD+1F
αˆ1αˆ2 ∧ F αˆ3αˆ4 ∧DY αˆ5 ∧ · · · ∧DY αˆD+1 . (106)
It gives rise to the same VD+1 as in (100). Thus for D > 2, the Lagrangian obtained in (103) and
(104) must be equivalent to the one in (16) up to total derivative terms. For D = 2, the Lagrangian
density in (16) itself is locally a total derivative term.
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